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.AIJsf IacI : ‘J’llis ],a}m  ~,lcsrl!ts a I])jificxl al]d cfiicicllt  x]mt}]od
of sol\, iII~, lIIC illvclsc  killcl!)atics fol 6 d.o.f. serial col II Icc-
Lic]lls of t!~o ~i d.o.f. smia I  al)cl palallcl  lrlal,i~,ulatols.  llawd
OJI  tlIe kiIIc II Iatic alialysis  of 3 d.o. f. sci ial aIId }Ialallcl rlla-
IIi})ulatols, tlIc fc,rwa]d killcll]atics  alc follllulatd  fol 6 d.o. f.
scl ial col!licctiolls,  illcllldill~, ~J:tIallcl-~,alallcl, sclial-~)alallcl,
IJalallcl-serial, and sclial-sclial  tyl)cs.  A ulrificd II Ictl Iod of
soli,ir]~, tlIc ilIvc Isc killcll)atics  for tllc. scl ial cotjllcctiolis  is es.
tal,lisllrd: For a p,i~cvl task velocity, tllc  irllwsc killcl!latics  of
two alltls alc ol)taill$d  scl)zllatcly,  t} IrIclJy si{,,l)ificalltly Icd IIc-
il![; a cc)lill,llt:itic)llal cosl. ‘J’liis is  I[)ark possilj]c l~y l,lojcct-
ili~, a ~,ivcli \,(, Jocity onto tlIc illfcasil~Jc \rclocity  S}}acc of CIIIC
al)ll aIId sol\~iJlg tl)c illvclsc  kilmil atics of tlIc otllcl  a[lll  ill -
dc}IcIItJc IItly.  ‘J’l IIoup,l  I ccjl!)l]~ltatic)]l:tl analysis,  t}Ic IJj{)l)OSCd
lIIct}Iod is slIo\vII to k cflcctiw fc]l t tic sci ial COIII ICC tio]),s }lav-
il)~, at ]cast  OIIC  j)aTallcl ]11a71iJ)ulaLor .

.JIltloducti(,]l

Nlos( IIjallil,ulatols  dtsip,llcd u~, 10 date aIc of tlIc folll)
o f  (,j Ll]c] S(liiill~ CJI IJalallc]ly  collllcctcd  killcrlla(ic  cllaill.  S~-
lial lllalli}~ulatols, SUC II as l’l Jhl A, aTc lol)ot,ic II)ccl!allisll!s
\~llicl! corlsisl of a s(,li{s of acti\,c  Ie\~o]IItc 01 IJlislllatic  joints
co]lllec[ill~, (II{, })asc to tlI(. cIIcl-cflcct(JI , and tlIcy /IIC 61)1c tc)
acllicvc  lal~:(, \irOlkS])aC(’ alIcJ IIip,ll dcxtclity. l’arallcl  IIja[li})u.
latols [I-6], s\lclI as tlIc Stc\vall  I’l:itfolll),  alc Iol)otic  IIICC} I-

, .
t of a stt of }Jarallcl lillll,s,  ca(l I lla\,illf,Alllsllls \r 11 [11 CO IISIS

011{, a([i\,t.  jc)i]ll as w<]] as J~assi\,c joil)ls  lcqoilcd to Illaiiltaiii
systc III I!lc,l,ility +111(1  (olitlolla})ility  alId co)]llcctil!~, t}lc I)asc
j,Jiit~ (() (lIC )llo\,ilj~,  lIlatc, aTIfl t} Icy alc  al)lc t[, ac!Iicvc IIip,ll

stiflr)css  and IIip,ll fc)lcc-to-\!fc,ip,llt latio.

Scvc]al  cfioIts  lla\w bccII II]adc to illcor~)oratc  tllc IIlclitsof
serial aIIcl lIaIallcl  IIlallil)ulatols  by colil}cctillp, t} Icl II ill selial.
‘J’IIc sclial  collllcctio]ls  of sclial  allcl ~,aTallcl ~Ilallipulato~s call
})C Catc<,ol  izcd illtc) tllc  follo\villg foul ty],cs:

●  l’arall  cl. })alallc] ty~m iii JVllicll t\vo l~alallcl illl IIS alc
coIIIIcc(cd ill smial,  as slicwll ill lf’ig.la. ‘J’ljis tyl Ic of
SCI ial collllcctic~ll was l)IoIJoscd ill [7] to illl})lcll]cllt li~,}lt
wcigllt,  stif[, aTlcl fast-llicwillg  li)alliJjulatoI  systclris.

●  Sclia-1’alallcl tylx ill w}!icll a lIaIallcl  allll  is IItou]ltcd
olI a scI ial all(l,  a s  slIo\vII  ill l,’ig,. it). ‘J’llis ty}w o f
s e r i a l  ml,r)cctioll  was ],]ol~oscd ill [8] to i)l!l,lcllwrlt  a
IIlimo ~rja])il)ulatol/\\,list  systclll  ~,itll hi~,li bal]d~vidtll
and ])i~,ll ]csolutioll.
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a)

c) d)

l’ir,ulc  1: l“our ty},fs of sc, ial c.ollllcc(iolls: a ) ]),,, dllcl-]),i, allcl,  h)
sclial-l,alallcl, c.) l)alallcl-serial, and Cl) s(:iial-scl  ial.

●

●

l’aTallcl-Scf ial t,y~,c ill url,icl, a sc:ria I aTIll isljlc,ulltcd  0],
a  wallc’1  aIIII, as SIIOWII  ill 11’ig.lc. ‘J’his t y p e  c~f sclial
{ol IrIcctr orI is lcversc tc, t}lc ~lrevious tyl,c,  allcl IIlay l,c
useful to cll}laTicc tllc  stal)ility  and s(rcllg,  th of the lrnvcI
}Iart C)f the  sclial  CoI,Il~cliC,~i.

ScIial-Sct  ial ty}>c ill which two smial aIltls  arc Collllcctcrl
ill scl ial, as SIIOWI, jr, l’ig. ]d. ‘J’ltis tyl, c o f  sclii,l COII.
l]~ct]o]l ca~j bC fo~llld i], c~,]tvclitjc,]lal  s<[ial alllls ~ccoI,l.
posed at all illtcrllwdiat.c  poiIlt.

‘Jb JJLIL  tllc  sclial  collllcc.tiorls of serial arid },arallcl l]lallii)-
ulatms il]to l]xacticc,  it is irlll)c~rtarlt tc] dcvelol~  tl)c Cfli{icllt
Jiil,elljatics  of tl,c sclial  cl,l,llc~tiol,s.  ]t is WC.11  ~JIOM,*l  t}lat for



.

*
d.

p2.
ssvial ]Ilalli})ulatols,  tlic  fcrl\v.ald kirlcvllaticsis  stlai~,lltfol  wmcl
k,ut illc ill\rclsc  killclllatics  is colrlplicatcd,  wllcleas  tl]c  c,l,~,c,

site is tl(jc fol }Jalallcl IIlallil)ulators. ‘1’his is duc to tlIc facl
tlIat tlIclc mists t}lc Cluali(y k,ct\vccII tlIc SCICIV  aIId \\, IcIIcl I
a x e s  [9]. llo\vcwr’,  little attcvltiml has kCII  ]Ilaclc to cxIJlorc
t},c kill_CIlliltiCS  of tllc smial ccnlllcctions c,f sclial  alIct },a7dlcl
Jnaliil>ulators,  c}laractelizcd  hy tl!c killclliaticfeatlllcs  of }mt}l
scl ial allci palallc]  ll)aTliI)ulatrns. Waldlo]t  ct. al. [8] dmivccl
Imth ~mitiol,  al,d ~clocity  killclnatics  foz t}lc sclial-}]alallcl
tyI,c, aTid Sllallil,})oor [’/] dcliwd positic,li Iiincl]latics  fm tlIc
J):llall<,l-])ill:tllcl type.

‘J’tlis }IaIWI l~lcsc]jts a uliificd and cflicim]t way c)f solvi]lg
tlie  iljvclsc  ki]lclllatics  for’ 6 d.cr.f. sclial  collTlccticJ1ls  c,f (\vo
3 d.o.f.  sclial  aIId ])aIallcl rIlalli]j[llato]s.  ‘J’tlis l)a~,ct i s  o-
~,alli~cd  as fOll<,\\’s:  111 Scctioli ? ,  \VC dcli\,c  illc fr,I\v:l*d  and
illvclsc  Iiil!cll]atics  of a 3 cl.o. f. scl ial al!d l)alallcl  ]lliilli})Ul~-
tols ill 6 dilllcllsiorlal  task  s~)acc. 11, SCctic,l!  3, \vc cs(al,lis]]  a

].Illlified lIIctlIod of sol\’iIl~,  tl)c IIivclsc .Il)cvllatics  of tllc  s(’lial
c(]ljllcc(iol]s all(l ol~taill lIIC cflicicllt ili\rcwc killclllatics  scllll-
tio]ls fol tllc  sclial  co]ll)cctiorls llavin~ at l e a s t  olic ],iliallfl
allll.

l~oI lIIC aIIalysis o f  cc,],,])t[t:itic,l,al Cc,st associatt{l  wit})
tllc kil)clilatics  solutimls,  \Yc calculate tllc  IIu]lllm  of lJ!ulti-
l)licatiolls,  i~,llojillp,ta(l(litiolls i]lvolvcd. Ircll llotatiollal  cOll\’c-
IIicrlcc, \rc dcfi[}c tlic  follow i]lp,:

L’,,l(l x 7,/ x ?L) 01 (},,, (/ x  m) A tll(’ [os1 foI Illulti})]yillp, all
1  X ?IL ]llatlix aIId al I 71/ X 7/ Illatlix  or Il]llltiJ,lyil\F, al, 1 X 7,,
IIlatlix  aTId all 71L x 1 vcctol.
<;1(71)  * tllC cost fOl irjvcltill; all ?~ X  ?L lilatrix.

C;,(7,1 x 7/) c,r C~,(7,)  A t},c cost f,,, solvi,,~,  71L Ii,,cal cqualim,s
\vitll 7[ ullkllowits  or solvi lip, ?t li]lcar cquatiorls  \ritll 7/ url -
kllo}rlls.

l<il)mllitics  of 3 1).0.1’. All,]

1,, tl]is scc(io,l,  wc d(livc tl,c  foI\\a,d slid iI,\,crsc  kil,c-
II]ati<s o f  3  d.o. f .  }]alallcl iiIId sci ial aT Ins \volkirlp,  ill 6
djlll[IIS;OIlill  tilSk S},FIC(. It is a<iullwd for sil[l~,licity tt,at a
sc] ial aI III ]I;IS I(,volutc  joil]ts  o])ly slid a ]Ja Iallcl  lIas p]islllatic.
jc,il)ts (,]lly. llo\\cvcI  , 1,0(11  a sclia 1  allll }vit}l l)lisl,la{ic  al, d
lc\olutcjoilt(s  al)d a IId Iallcl  aI III \vitll lcvcllu[ejoillts call Iw
i](atcd \Yi(ll ill tl, ( saTItc flalj~(work as ill this  l)aIwI [ 9 ] .

l’ilst, co]lsid(l  a  3 d.o.f. l)alallcl  :11111  [2,1)S]  co]]sis(ill~, (,f
tltrcc lilllh, caclt lla\illg o]ic active plis)liatic joint)  wit]] its
II})]JCI (,l!d co]]]i(.[ted tc~ tllc  Last ~llatc t}!]our,tl a ~)assivc pill
joil,t  al, d its low;] cIicl cor)l,cctcd  to tllc rl,ovillg l,latc tllrougtl
a })a+si\,r ]Iall joi]jt,  as 5110\YII  i]] l’ig. ?a. 11) Fig.%, fo] li]]ib k,
k , 1,?,3, dA is tllc ])c,sitiol, of tl,c  ],rislIlatic  joint, n C l~:’x’
is a I]l]it \,rctoI  aloII~, tllc }Ic)sitio]liil  axis of t}lc ~~IisrJlatic  jc]illt,
Ilk c 1{ 3X’ is a ul)it  Ycctol alollF, t}lc lcltatic)ljal axis of tl)cl]ill
jc)i]lt, \vllicll i s  IIc)]]i)al  to z~, arid ~)k C I{:{X1  i s  tllc  I,ositic)ll
vcckn  flolll tllc clld-cflector  OJI tl)c nmvillg }Jlate to tl!c b a l l
joint. III \vlIiIt follows, all l,ositic,ll allcl velocity Vcclo]s of aTl
aIJII aIc aw[i][wcl to bc cx1)Icsscd witli lcslwct to tl]c b a s e
fl;ill]c fixed to  t}lc Ilasc ])hitc’.

b)

l’i~,urc 2: a )  3 d.o.f. j,arallcl  aTJI, arid 1,) 3 cl.o.f.  sclial  a],,,.

U]II)CI  CIId of ]ilil k, Vk c I{3X1,  ,4. : 1 ,? ,3 ,  i s  ol]tail!cd  Ly

Vk ~ V-1 w x ]1;.. (1)

Sillcc a  par:illcl alin  ulIdcI c(,ltsiclclatio],  i s  co]lstxuctccl ill
SUCII  a\vay  that v~, L- L 1,?,3, is alloivcdolllyirl  tlIc dilcctio]i
of 7,), and slmuld licoll  tllc  })lallc lmpclldic.  ular to uk, \Yc nave
[q

I{3X1 and ~ O
[ “

(4)

(:’)

(6)

( 4 )  IcJIrcsc,Its  tl,c i*,vcIsc ki],cr,,atics  o f  a  ~,aTallel  a,,,,, \,l,ilc 1
(5) ,q,rcsc,,ts the velocity co,,strai,,t duc to its cprlstruction.
It sIIould LC ]Iotcd that (4) al)d (5) t.ogctlicr Clcscrihc  tllc 1110
tic,]] Clf a paIallcl  arln.
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l:IOJN  (5), tlw fcasi},lc velocity space of a parallel al II] is

gi\,Cr, Ly tllc  I]ulls})ace c,f IIu, Ar(llu):

i c N(ll”),

wllicli is 3-dir imlsioIlal.  CoIrll)irling (4) arid (5), Jvc have

[Hi ‘ [v (’i)

‘3’lIc fmwa[d  killmllatic  solutic)ll of a parallel alln  call be o})-
taillrd lIy solvi],g (’/), \vllicll rcquixes tllc Corill,otatimlal  cost
of (:3(6).

licu[i  (?), tl]c fol\v&ld killclllaticx  of a pal fillcl allll  CaTI Lc
IC]HCSC’lltd <IS

to cj. III (S), A call Lc cmlsidclccl as tl, c ,lacobia]l Il!atlix  c,f a
l)alallcl  alll),  llii+p~jili?, tllc  joil)t sl)acc velocity, cl, tc~ tl~c task
s])acc vchily, i.

Next, cc,llsidcr a 3 cl.o.f. sclial  aIIII corlsistill:,  of t}lrcc rcv-
olutc  joirlts,  as sl)o\vJI ill l“i~,.?l~, \v}lcrc for joil]t k, k : 1, 2?, 3,
OA i s  tltc joil,t  aTI~,l~, z~ ( 113X] i s  a  unit  vcctcu aloflg tl]r
Iot,atiollal  axis of t})c joint, ,  al)cl }J~ c I{sx] i s  t}ic }jc,sitiol]
vcc~or flolll tt!c joitlt  tc} tl]c rltd-cffcctor.

‘J’}Ic lillcal  alId aligu]al vc]ocitics  at tlIc cII&cflcc[cu , v C

I{3X] aIId w C I{3X1, gcl,clatcd flolrl tl)c joint vclc)city, ti A

[ i ,  02  &]’ c ll:{x’, aIc  give, Ly [ 9 ]

\~ : .lJ, (9)

w : JU,O, (lo)

\f’llcl(,

[\Vitli i * Vt w~ ]’ ( ,t~xl  il,,d J A [ .]f .11 ]’ c,) ,1,
){ GX:’, tlic  fr,l\,;ald  ki]lm]iatics  of a sclial  all],  is oLtairlcd  by

~, Ju. (]?)

‘1’Iw fea<il)ic vclc)city sIIacc o f  a sclial  al lIi i s  $,ivcul l)y tLc
c<duritll sjjilCC c,f tllc Ja(oljiarl  IIlittlix  .1, C(J) :

i c C(.J). (13)

‘J’llc ilivc)sc  liillcll]atic  solutioll  of a sclial  allll  calt bc ol~-
taillccl Ly solvil]g (1 2), ~vllich Icqui]cs  tLc cc)rll})utatiollal cost
o f  C,’$(t3 X 3) .  1,’01 a givcll i f’ ( l ( l ) ,  tile  il)vmsc kilicvrlatic
solutio]l  lc})lcscllts  tlic  least  squares solutiol) of (1?),  Wllicll
i s  gi\rcJt by ~ : (J f.l)- ‘.lt~.

‘J’l]is scctiml  develops ml cflicicltt  JIIctlIod of ol,taillil,g  tlIe

illvclsc  Icillcj])atics  for t}Ic sc]ial  co]lrlccticnls of two 3 d.o. f.

arl[ls, cit}]cr serial or JjaT*llcl arln. ‘J’lIc cflicicr]cy is achic\’cd
l,y sc,lviII~, tl]c il,vclsc  kiliclt)atics  of t\~o arllls  scj,aTat,ctY,  il,-
stcad  of so]villg the i[lvcrsc killcll]atics  of tltc  SCI ial cmll]cctioll
at a tillm.

hfctl,odolc)~,y

‘J’IIc vclc,city at tLc clld-effcclor  c)f tllc smial mllrlcctioli,
x. c 1{ “x], is givcll Ly

i. : i] -1 i2, (14)

\Vll  CIC ii =
[ 1’v; w: C I{GX*, i = 1 , ? ,  i s  tllc Yclc,city

of alll] i at tl)c cll&cficctor  of t}jc serial  cc),,llcctior]. (14)
JC’])l CSCllt  S t}l C fOIW~rCl  kirlclnittics  of l}]c sc’lial colil,ccliol,,

“t] I “a!lci tllc fcasl ) c \,C Oclty sl)acc of t}lc scrjal cc,lll]cctic~l, is gi\,C~l
Ly

\rl Iclc P,, i = l,?, is tl]c fcasil>lc velocity  sl, acc of all(l  r’ a])rl
‘~)’ rcl,]csclits  t}lc s},acc addition. Assul,,i[~gtl~at  tl,c sciial
collllcctioli  of two arll]s l!as 6 cl.o. f.,

‘J’IIc il,vc,sc  kil,c],,atics  of tllc s e r i a l  collrlcc(ior) of t\YO
ali]ls  Illay Lc c)l)ttiillcxl l)y collsiclcli[l~,  t}lc il(vclsc  kiJjclrlat-
ics o f  Imt.}1  aIJIIS silllultancous]y,  rcfcr[cd  to hcIe  as  tllc di-
Ncl ?l/f/}/oC/. IIowcwl> tile c,, I1]J,otatioIial e[[icicllc.y IIiay Le

l;iF,~]lc3: ‘1’l)c clccoi,l~)ositio]]  c]fa givcl, ta<k velocity.

acl)icvcd l)y sel)arati]lg  tlIc irlvcrsc kirlclljatics  of tllc s e r i a l
coIlllcctiorl of two all]ls  i])to t}ic irrvcisc kiIlcr[latics  of i]ldi -
vidual al~rls, a=+ fclllolvs:

1211’il,C  tlle])IC)jCctiOl, OJ)eIatOroI,tO  Vt,  Fill Cl  1’;  Lctl]c

wC~jcclioll  owrator clllto t}lc olt}logoll~ll  c~lllpl~l~l~llt o f  Vi,
Vj. A~,i\'cl,  task  vclc,cily, iO, ca!, l,cclcco,,,l,osed  i~,t(, t}vc,
CJIt}lOF,OI1al CCJlilJWIICIltS:

50 = }’ii.-l  }’~i., (16)

\Vll  Cl[: l’ii(, and l’/2i0  arc tllc  ccjlllJ}O1icr]ts of ~. lyir)g lcsl Icc.
tivcly  011 V; and U/. ‘J’}lis isillllstIat(d ill ];ig.3. II I  ( 1 6 ) ,
l’~i. CdII Lc p,cIIcIatccl Ly ar],l j  only, w}lilc l’;iO  ciir! Lc
p,c]lciatd by ar~n i or arI1i j.



)7/ , ]y ij , SIIOIIld lIC tlIc sallw as l’/i O:
‘1’hc coli~~>utatiollal  cost associated with tlIc ahovc solotic,]]

]J:io ,  lyij. (1’() can bc aI,~)roxiI1latcd M I,}Ic SUrII of 2. Ci(6) for stc~] 1 aIId

(~,[fi) fcm Step ‘1, w}licl, alrloullts  to

othc, \visc, ~. g’ (via] V2). Note that (1’/) CaTI  k a l s o  ob-

tai Ilcd by 1,1c11JllltiJ,lyillg(14) b~l’~ a?ld Ilsillg l’jii= O. 2. C~i(6)-}  C;.(6).

Si[lcc (17) cc,], t~iills ~j~~IllJ',  tllci Il~'cIsC kill~l!J~ti Csc'f arIIl
j call l,c ol~taillcd first, ilidclmlclultly o f  arl]l i. \f’itll ilIc

i[ii,cl scl<illc], ]i,ticsc,farrll jkllOw’Il,fiollj  (Ii),

ii , i~ - ij. (18)

M’1ll  (’11 call k! Ilsc’d to olJialll tllc 1111’else klllclllatlcs  of all[l  i.

‘J’IIc ]nctl,od  of Solvilig, the il,vcrsc !iiljrvnatics  of the sc’-

rial cO]ll  Iccll OII based Oli (1 /) arid (1 S), IS ]cfurcd tcI lICIC as
ttic ?}mjcc{ion  711c//tod. ‘1’lIc succcssofthc plojcclioli  II IctkIod
dq)mlds  011

● i]Ic aviii]al)i]ity  of tlic ~)rojcctior) c]])m ator,

●  ttl(, avail al]ilily  of t}]c f[~itvald  killc]]latics  c)f i]ldividual
al 11!s.

Note that sc(ial  rITId ~,ara llcl aI I,IS ale rcci~~loc[il tc, cacl I otltcl

ill terllls cjftllca }ailal]ilityof tllc~)rojcctioll oprxf itor .3TICI  the
folwald  killclllatics.

N e w ,  l,ascd cm the projccticm  Illctlml,  let us coIIsidcI
tllc  illversc  kilicrrlatics  of lIIC serial co]ll)cctiol( of two l,ar-
allcl al]l]s as follmvs:

I’Iclr]Lllti],lccll,yl{lu,  (14) t-wcoIIIcs

ll,.io : lll,,i*, (?1)

siJIcc liluil = (). tisi]lg, i2 .  A2C12, \vc lIavc

IIl”i. = (l\,uA,)ci2. (?2)

\\Ti Lll ;12 LIIONIII,  AI iso})taillcd  by

d] = Ii, =(i. - A,(i,). (?3)

liascd  OJI (22) aI\d (?.3), tlic illvclsc  ki]]elilatic  sollltio]l
of tllc ])aI allcl. paI allcl type Cal I Lc obtained ill t IIc folloivir)g
Steps:

}’alallc!-l’;tl:tllcl  ‘J’y}w (l’-}’) Stc]) 1: Golllplltc’‘ [ lII,z “112,, allrl co]lst]uct  A2.

1/,1 tlIc seiial  coll]lc(tioll  o f  t w o  ])alallcl  dIJr IS slIc~lvlI ili St,c}) 2: Co],]J)utc ci~ l,y solvi,lg (22).

l“if,.la, the velocity Of al]l) i, i;, i ~ 1,2, is givcll Ly

(19)
StC’])  3 : Wit],  ;Iz kIIOWJI, co]],l)utc [1] usir,~ (23).

‘J’JIc co]ll})utatiolla I cost as50ciatcd  w’it}I tllc  a})ovc CaII l,c
Wllclc d , C 113x] is tl~c joint  \wlocity;  Iiiz C IL3XG  and

]]i” ( ]{3XG alc :,ivc[, ill ~lIc forl[l c,f (6), Ic~)IcscIItccl at tJIc:
apl’I~Xilrlat~d M tllc SUTII  of ~~i(~) for SLC]I 1, [G,(3 x 6 x 3)-1
L’,,,  (3 x 6) + L’s(3)] fo[ Step ?, al(d [(~,ri(6 X 3) -1 L’,,,(3  x 6)]

<II<!-c(I(cLc)I of tl]c serial col]])cctioll. for Stcl, 3, v;llic}l a71mu IIts to

‘1’}ic  fcasil~lc velocity s~,acc c,f tllc  ],arallcl-},a!  allcl tyl,c is C~,(6)  ‘1 C~,,,  (3 X (i X 3) ‘1 3. L’,,, (3 >{ 6) ‘1 C~.(3).
~,i\,cl! l,y [Ar(lll  U) @ A~(112V)],  al)d its folwald  !iil]mnatic  SCI-
lutiorl CaII hc ol,taiIIcd  l)y sol,ir,p, (19) ar, d llsil,~ (14), wliicl,
Icquiics {J)c ai,l)roxil]lat(d  collt~,~ltiitic,llal  cost of ? . G’,(6). Sclial-l)alallc]  ‘J’yl~c (S1’)

\’Jitll 11)1 111(  sc]ial Co]]]lcclio]l  of sc]ial  and  ~}?L1.311Cl arli]s SlIO\VII
ill I“iF,.lb, tl)c velocity of aIIIl i, xi, i = 1 ,?, is give]] t,y

ii : Ai~ii,

[1}1;2  ‘]
\\ll~LcAi c l{cx3is  tllcsl]l}] i]at]ixc~f 1 ii”

corl cslmII di 11~,

tO {Ii, ttl(! fOIW,:l!d kil,cl,jatics  Of tllC ]);{l~ Ilcl-},alallc]  tylw  is

(M)

(25)

gi VCII hy w’lIcrc ~1 < Ii’x’ is t}le jc>irlt velocity; JI c ltGx3 is tlIc Jacc,-

[’1
t,iall )Ilatrix  of aIIII 1, rq]IcLscI\tccl  at the cmcf-cflcctol c,f t]lc

X. = [A l A,] j; . (2.0) sctlal  Cnlllicc(ioI,.

‘J’t,c feasible v(locity  spacts of t},c scl ial-l,arallcl  ty})c is
]Iascct 011 (?0),  tl,c iIl\r<l sc kirlcI\\atic.solI\tic,l)  of tlic ~>al all[l- :,iw)l  b y  [C(J1)  a) Af(llzu)],  a[icl i ts  fo]waId  kincrllatic  so-

~)iiltillCl tyj,c carI l,c o})taillrd  ill tllc  followirlg stcl)s: lutio]i CaTI lJC ohtairlcd  by solvil,g (25) a,, d usi]ig (24) al, d

[1
(14), which rcquiIcs  t},c aJ,lnoxir,,atcd  co]liJ>utatioI,al cost of

Step 1 :
]]. -1

~OlllJNItC ,i:z arid COtlst~~lct Ai, i . j , 2 ? . [C,,,(6  x  3 )  -1 L ’ , ( 6 ) ] .
,“
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lVit}l i2 ,  A2~12,  tl, r {or\vald kinmrlatics  of the sclial-

~,alallcl  type is ~vlittcll as

(26)

IIasccl 011  (?6),  the illvcrsc  kincr]latic  solrrtioll of t}Ic SCI ial -

parallcl ty}Ic c.al I bc oLtaiI] ill the follrwillg, stcj, s:

stc]) 1: CoIII]~utc A2.

St,cl)  2: ~c,l,l]~ute til aIId A2 t~y so]villg (?6).

‘J’}Ic cc,lll],u(atiollal  cost associated w’iill t]lr! ahovc sc~]utiol!
car} l,C al,],loxirl,atcd  as tllc Stllll of C~l(6)  for StCIl 1 and C’,(6)
for StC]) ?:

C“i(6) ‘1 ~~~(t’i).

No\\’,  based  011  tl,c  p]ojvctiorl  IJ,ctl,od,  let us col, side] t}lc
i)lvclsc  !iillclllatics  C,f tllc  sciial  colllicctioll  of sclial  al)d I,aT -
allcl ail,ls as follmvs:

l\2”io ~ (112,,  J1)&, (27)

Ilsill$, lJ2.i2 = O  and i] ~ Jl~l. hTotc that aII cxj)]cssio]l
si]ililal t o  (’2T) \vas also C]ljtaillcd  tly lValdl Crll  ct. a l  fol tllc
AIU’l SAN IIjat)il,ulato] [8], alllIoup,lI tllcil dc]ivatiorl i s  slIc-

cific. to t]lcil  systclrl.

IIascxlcnt (27) arid (?8),  tllcill\’cl sckillcirlatic  s(}lLltic~ll o f
t}lcsclii,l-]]:llallcl  tyljccal Fl)ccll)tailled  ilLt})c fc,ll(j\vill~, stcJ,s:

Stc’1) 1: (k~llll,utc  ti, solvil,t,  (27)

‘J’])(: cc,ll]],~lt[iti(~llal  c o s t  associittcd  \:itll tlic  above M,lutioll
call l,c ~,l]l>](,xiTrl:+tc{l  rist}lcsurn c,f [C~,,,(3 X6 X3)-1 C~,,,  (3 X
6)-I (;,(3)]  fol Stcl) 1 and [L’,,’  (6X3)-I &(3x6)] ful str’p2:

c,,, (3x(i x3)-1 3. C,,’(3x(i)l  L ’ , ( 3 ) .

l’ii, allcl-Scl  ial ‘J’y},c  (1’-S)

I(IM thcsmial coIlllcctior] c> fl)arallcl aTldscl ial alJllssllo\vll
ill l~ip,.lc, tllc velocity Clf aT1o i, Xi, r’ = I,Z, is gi\’cll t)y

(?9)

(30)

Nc,tc tl,at tl,c ljalallcl-smial type is dual to tllc sclial-palallcl
ly}>c’ ill tcrlrlsc,f killCllli+ti CS.

‘J’llc fcir~il.,lc velocity sl)accs  of tllc  ~,arallcl-sclial  tyl~c is
~,ivcll by [JV(’{IU) 0)(?(.12)],  allrl i t s  forward kil)c]j]atic  so-
Jut;m c.,,, I,c cd)t<,;,,c.d I,y so]v;,,g  (29) ar,d llS;,lg ( 3 0 )  a,, d

(14), }vhich requires tl,c a~,proxi(,latccl col,,~,utatio,,al  cost of
[L’,,,(G x 3) -I L’,(G)].

‘J’}Ic  irlvcrsc ki])clllatic  sollltioll of tllel,arallcl. scjial  tyi)c
call l~c  ol)tailtcd based 011

allrl its associated colll})utatio]ia I ccmt can be aJ)l)loxill]atcrl
as [~,r,(3 x 6 x 3) -I 3. L’,,,(3 x 6) -I L’,(3)],

Se] ialSclial ‘J’y},c (S-S)

lbr tllc  sc, ial coliI,cc[io]\ of t}vc, Sclial arl,,s  sl~o\v,, i,)
l’ig.ld, t], { vclc,cityc,f  arl!l i,ii, i: 1,’2, isgivci, by

ii , .Tiii. (31)

‘J’}ic feasil,lcvc]ocity S},accof  tl,esc,ial-serial tyl,cisp,ivcl,
l,y [~(.ll) U]~(.12)],  a!)clit.s fc,r\val(l  kiljerllatic  sol~ltic)1l  cti]i l,c
obtaillcd  })y usirlg (31) allcl (14), \vllic}] rcclllircs tlic  all}lloxi-
IIlatcd mllll,utatioli cost of ?.C~,,,(6 x3).

l’ll,~,~,i,,g (31)  i,,to  (14) ,  tl,c fm}rard kir,c,t,atics  of tlc
sclial-scl  ial ty}jc is \vlittcll  as

$0 , [1[’ “’.1 J’] !2 “ (32)

N o t e  tl!at (3:?) CaII l)c coljsidclcd  as t}Ic fc,[}varcl killc]]latics
c~f a  Sill:;lc G d.o, f. st,iial alrn  witli arlll 1 aT]d  aIIII 2 as i t s
lcI\rcl al,{l ol,J,cr})al!s.  ‘J’l,  cil, \,clsckillcl,,ati csolotioIloftl,c

Serial-sclial tyI)c is ol)~aillcd l)y sol\, irlp, (3’2), J\r}licll  lcquilcs
tl,(,ct,lll~,l,t:itic,r,al  costof L’3(G).

~OJV,  ]Cl uscc)]isidc, tl,cir,vc, w killclr, atics  of tl, c sc, ial
collricctioll oft\voscl ial all]ksl., iiscd OII tltc]uojcclioll llwtllc)d

as  follc,}ys:

]’; ?,, , (1’; .l,)ti,, (a)

.1, o, : i.- J202. (3.4)

l\’lIcl<, l’; { IUXC i s  tllc  l,lojcctioll  O1)(IiitCJr 011{0 JV(.l ~).

Note tllii~ for tlIe mial-ser ia l  ty~,c, t}lc I,lujcctic,ll  opcIator
i s  ]Iot lcadily  rt\,ailahlc but lIccrfs to Lc Colriputccl, wllilc tllc

forward  fiil,cl,,atics  is rcarlily  available. ‘J’lIc colllputatio])al
cost associated Wit}l tllc abo\,c call }Ic al~ploxirllatcd  by t})c
sllrnc~f  [(_,’,,,  (3x6x3)-l C,,, (3 XL)- I C’,(3)] fol Sc,lvillg (33) arlcl
[C,,, (6x3)-{ L’,(6x3)] forsolvi]lg  (34), aswdlas C,((ix3)
for CC)Il]J)lltillg, ]’~, Y$’]liC~l  allmrlitsto

L’,,,  (3x fi x3)-I z.(J,,, (3x6)-I  L’,(3)-I 2. L’,(G x3).

Usi]lg tl,c Gtcllssiitll  clilJ]iIlatio!i IIIctlIcd, t},c colll}~utatiol]al

c o s t  ofc)l~taillirlg,l’~ Ir]ayt,c lou~Jtly a~~I>loxi[Jlatccl as CJs(6x

3).

‘J’li\Is fiil, t}ieil,\rc]  sckirlclr)atics  llasl,ccil  discosscd  for a
p,cl]clal foll)lof scrial-scrial  ty})c. It is il]tcrcsti~lg to collsidcr
tllc i!lvclsc  Iiillclliatics  of the sclial-serial type wit]l sI)ccial
g,coIl,ctIy, i], w},icl,  ccIiail, t},lcc co],llmllc]iis  of a ~,ivcli task
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velocity call l)c gc]lcratcd  or affrrtccl  by ccJ tairl tl!icc joil)ts.
b illstarlcc, wit]] alIy t,lIIcc cc,-illtc[scctillg lcvcrlutc  joints,
tIIc lillcal  velocity at tl,c co irltclscctillg  poir]t is illclcJJciLdcllt
of the tllrcc co illtc[scclill.g  Icvolulc  joi]jts  []0]. Otllcr 6 ct.cr.f.
SCI ial ar]),s \vitL s~>ccial gcol]wiry  il,clude  aT} al[,l  wit}, thlcc
prisillatic joints, WI allll  wit]) two plislllatic  joints norllla]  to
a Jcvolutc  joiIlt,  etc.

ll,r !}IC s e r i a l - s e r i a l  t,y]x wit}) s;,ccial gcotmtry, t}lc fop
wm d kil~c[lla~ics call bc olJtai I~ccl,  thIougl I all] Jlopriatc.  IcAa-

tioI) and S!l Uf]li Ii&’, cpcjatiolls, ir, the fc,llll  c,f

?f ~[ 1?!
WIIC1 c xc, X’jp IS t}jc~llodificdt ask vclocityalld

[0: ~: 1’
is (tie sliufllcd joiilt velocity.

h a d  011 (35), tlIc illvmsc  tiincrndtic solution  CaII Lc OIJ
taitled by svlvil]r,

i., : i];], (36)

& Jz, o] = .i2202, (37)

I
w711icl  I is I cfei icd lICJC as tllc  rfcm TrIpositio71  71Lc/hod,  ‘J’IIc [O III-

}]utatic)llal cc,st call Lc a],ljloxil)latccl as t}lc su]n of (~,,,(6 X
6) for c(,ljll)util]p, ~01 aIId ~02, (:.(3) fol Sc)lviIIF, (:{fi), a n d
[C~,r,(3  x 3).1 C,(3)]  fcm solvil,g (37), wlicll  a171cllIts to

C,,,(6 x 6) -{ C,), (3 x 3) -12. C’S(3).

It is \voIt}I olmclvill[: tl,;it tlicrc ex i s t s  a  ccltaill lclatiol\-

s)lil) Lcl\vcc]i tllc dccoll]}]ositiorl rllct]lod and tllc  IllojcctioJ)
ll~ctlmd. ‘J’lic dccoll!l~ositioll  liwtl]cjd is b a s e d  C)IL t}ic f a c t
tl]at tllclc cxisis a sulwt of a givcll task v e l o c i t y ,  wliic}l call

l~c ~,{IIc7atcd l,y a  sul)sct Lf jc,i,,ls. \t’lIcIcas, t}Ic ],, ojcctio,i

IllcttIod is Lase(l CJII tllc fact  t}lat tlIiit tlIc Ic exists a sl)l,srt c)f

il ~,il,cll lahk v(locily, wllicl) cal I]Iot I,c F,cr IcIatccl IIy a sul,sct

o f  joints. A’cI{c t}lat tlIc dccolrlpcmitio]l  IIlctllod i s  cflcctivc
f o r  a  SC’liiLl aIII] wit], sl)ccia 1 F,coll)ct]y, \vl, ilc tllc j)lojcctio]l
IIlcttlod  is cf[ccti~c. fcn tlic serial colll]cctimls  IIavil]t, at, least
C,IIC ])alallc’1  allll.

(b]i)],af  i.so],

IJct us sullllllariyc  tl]c co]li~,utatiol,al  cost awc)ciatcd  \vitL
tl]c fc,l\$,ald aTId il,vclse  kirlcljlatic  sc,lutic,l]s C)f fo171 tyl]cs  c)f
scl ial corlllcc~ic,lls. ‘Jb },rovidc nulim.rical cmllpal  iscnl al]lollg
s(~llttic)lls,  \vc coll]]t t}lc ]]l]]lll)cl of lli~lltiljlicatic)l]s, using  tllc
fol!cwi,,r, al,l,loxil,,atioll  [1 1]:

\\,}Iclc {;aussialt  cliIJlirlatiol] ctTId t)acksul~st itutioli  is ass~llllccl
to be Usccl.

l“il St, tl,c col,]l,utatiollal  cost awc,ciated  witli  tl,c forwal  d
killcll)atic  solul,i{,ijs of tltc sc]ial  ccnlr,ccliol, s is sull(]l,alimcl
as fol IOW  S:

[ type II the NUTI~LCI  of Iliulti])lications

1..”1 “ - . .  . -

1)-1’ ~. c,(6j; 180
s-}’  or C,,, (6 x 3)+ C.(6) & 10s
1’-s
s-s 2. C,,l(6x3):~36

l“rolr)  the table show]l al~ovc,  the coll,l,utatio] I cost of
tlic fcrrwald !iillcIIlatics  inc[cascs  iii t}lc order of scIial-serial,
serial-par allcl (m parallel-scl ial),  and l~arallcl-parallel types.
‘Jllis rcflcc~s tllc fact that tlIc fol ward kinclIlatic  so]utioll of a
sc]ial al III caTt be strai~,}ltfol wardly c~l~tainccl at a 10JYC1 cor(l-
lJcrtatiollal cost of L’,,,  (6 x 3), while t}lc fc)l \vard kirlci~)atic
sc)lutioll of a ~,aI allcl al II] call bc ol)t ai)]cd at a  f a r  ILig,tlrr
colil]~utatiollal cost of C~(6).

SccoIId, tlIc colrlJmtatic,llal  cost associated with t}lc iw
I,crsc ki71c]lidtic  solutiolis  c]f tllc  serial cc>llllectic~l]s ba<cd 011
ttlc clilcct Il]ctljod is sulnllla[i~ccl as fc}llc,\\,s:

t y p e  II tlic Iiulill,cr Clf rllultiI)licatiolls
}J.]~ 2 .  C;(6) -1 (;.(6) N 522

s 1’ Cll 6’,(6) -1 L’,(6) c’ 306
1’-s
Ss C,(G) c-’ 90

l’IolII  tlIc talk SIIOWII al,ovc, tl,c colnl,utatiol,  al cost of
(lie ilivcrsc  kirlclllatics  Lascd 011  t}lc Clilcct IJmt}!od illmcascs
ill t}lc order c)f sci ial-serial, serial-parallel (cm pal allcl-scl  ial),
arid pa Iallcl-J1arallcl tyl)cs.  ‘Jliis is bccausc  tllc  Jacobi  ai! J17a-
tlix of a smial aIIII CaII Im readily available, but tile Jacc)l,iall

IJlat]ix  of a l>alallcl altfl ncccls to be Col[]})utcd at tlic  co]lt-
I}utatio], al COSt Of C~i(6).

‘J’}lild,  tllc  colllI)utatiollal  cost a<so(iatcd  \Yitl~ t}tc il!vclsc
Jii]lcll)atic so]utic)r, s o f  t}lc smial  colltlcc(io],s  Lascd OIL t},c
},rojcctic]ll l[lctllod  is Sull]lflarir,cct as follo\vs:

tyJK’

1’-}’

S 1’ or
1’. s
s-s

tli(: ritlllil,c)  of I]lultiJ)licatiolls

{;,(6) ‘1 ~~,,,  (3 X 6 X 3) ‘} 3. CT,,, (3 X 6) ‘1 C.(3)”
? 33s

(:,,, (3 x 6 x 3) -] 3. C,,,(3 x 6)+  (:.$(3)
?1?2

C,,,(3 x 6 x 3) .1 2. L’,,,(3 x 6) -1 L’S(3) -1 2. (!, (6 x 3)
? ] 5s

‘J’hc a},c,vc ta}~)c S}IOWS t}lat t]ic ~}]csjcctioll ]IIct}Iod is II)OIC
cflicicllt  than  t}lc direct ]Ilct}loct,  fcm solvi]lg the irlvctsc  kille-
II!atic.s of tlic sciial  col)llcctiorls  IIavillg at least ollc I,alallcl
allll. ‘J’Jiis is dt7c to t}lc f a c t  tliiit  tl)c l,rojcctior~ O],CI atc,r

i s  Icadily  Jjlovidccl by a }~arallc] arlu atid t}lc JacoLi all II Ia-
tlix is llIaclc readi ly  avail ahlc Ly a serial arlll.  JSotc tha t
t}lc l)rojcctioll  II)ct})od  clcms ]lc,t },ro\,iclc ally corl]},utatiollal
F,ail, fol tl]c scria]-srvial  ty},c, allcl t},c dccc,lllI)ositio~l Tl)ct}lod
IJlay bc collsiclcvccl t o  he cffcctivc  fcJJ tllc  sclial-sciial tyl,c
l~it}l sj,ccial  gcol I]ct Iy, rcquil  illg the coll!j,utaticjllal  cost of
[(},,,(6  x G) -] C,,,(3 x 3) -} 2. C.(3)  N’ 7 3 ] .

A  u]]ificd aIId eflicicl]t  Ii]ct])c)d, rcfcr]ccl  to as t}!c I,rojcc-
tio]l rllctl]od,  was })]o~mscd fol solving  t}]c i]lvcvsc Klllml(atics
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for G cf.o.f.  sctial  co]iIIectioIIs of tlvo 3 d.o.f. scxial allcl ~,aral-
IcI Tllallij)ul:ito]s. ‘J’IIC prol,oscd  rl]ctliod ~,lojccts  a givc]l task
velocity orlto t]IC ilifca-siblc ]l]otio~l sl>acc of ollc arlll,  aTId t}lus
sepal  atcs tl)c illversc  ki[lcnlatic.  s of the otbel arjn  frolll t,l)c irl -
vcrsc  kil~cll~atics of tllc  serial coI)llcctiol}. ‘1’lic success of t})c
prol,oscd  IImtllod dcpctlds  011  tbc availability of the ~Jrojcc-
ticnl c)}~cl  atol and tl]c forward  liillclrlatics  o f  two alrlls.  g’llc
corl~IJotatiorlal cflicicv]cy of tbc projection rnet]lod  is s}lowlt
to bc significant  for tllc serial coij[lcctiolis  }Iavi]lg, at least OIIC

l,alallel IIlal!i},ulator.
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